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Femtosecond electron bunches with ultrarelativistic energies were recently generated by laser wakefield
accelerators. Here we predict that laser wakefield acceleration can generate even attosecond bunches, due
to a strong chirp of the betatron frequency. We show how the bunch duration scales with the acceleration
parameters and that, after acceleration, the bunches can propagate over many tens of centimeters without a
significant increase in duration.
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Attosecond electron bunches are of highest interest as a
new and unique tool to open novel avenues of research and
applications. Examples are electron microscopy with atto-
second resolution or the generation of attosecond x-ray
beams for investigating physical, chemical, and biological
processes with unprecedented temporal resolution.
Recently it was shown that laser wakefield accelerators
(LWFAs) [1] can provide ultrarelativistic femtosecond (fs)
bunches in various parameter regimes [2–9]. Here we show
that LWFAs can also provide attosecond bunches, due to a
strong chirp of the betatron frequency along the direction
of acceleration. Because of the ultrarelativistic nature, the
attosecond bunches propagate over significant distances
(many tens of centimeters) without a significant increase
in duration.
Several schemes for the generation of attosecond elec-
tron bunches have been suggested, such as inverse free-
electron-laser interactions [10], the interaction of intense
laser pulses with overdense plasma [11], the acceleration
of electrons with tailored laser pulses [12], the slicing of
electron bunches with intense, ultrashort laser pulses [13],
the interaction of laser pulses with nanofilms [14], wires,
submicron droplets [15,16] or with a plasma slice [17].
However, all these schemes are of limited attractiveness
because they either require large accelerator structures [10]
or rather exclusive (petawatt) laser systems to provide
extreme intensities on the order of 1020–1022 W cm2
(normalized amplitude, a0, in the range of 10–100) [11–
15,17]. A second limitation is that these schemes deliver
bunches with only a few to a few tens of MeV. Then, even
with sub-pC charge [10,12,15], Coulomb repulsion se-
verely limits the lifetime of the bunches (e.g., to tens of
fs [14]) which hinders an application of these schemes.
Here we present a new method to generate attosecond
bunches. Our approach is based on much lower intensities
(a0  1), such as from readily available terawatt laser
systems. The space charge dependent lifetime of the atto-
second bunches is increased by several orders of magni-
tude, beyond the nanosecond range, because the bunches
emerge with ultrarelativistic energies (GeV level).
To explain the working principle of our scheme, we
recall that in all accelerators with a radial focusing field
the individual electrons perform a transverse oscillation
about the axis of acceleration (z) known as betatron oscil-
lation. The amplitude and phase of the betatron oscillation
are determined by the transverse coordinate and momen-
tum of injection, and the betatron oscillation frequency!
is determined by the ratio of the particle mass to the
focusing field [18]. The betatron motion of an entire bunch,
injected on axis with a certain transverse bunch radius and
momentum (emittance, divergence) is rather similar. The
bunch radius oscillates between some maximum and mini-
mum value [19], which depends on the so-called mismatch
between the initial bunch radius and emittance on the one
hand and the focusing field and particle mass on the other
hand. The betatron oscillation frequency of the bunch
radius !R is twice the single-particle betatron frequency
[19]
!R ¼ 2! ¼ 2!p
ffiffiffi
f

s
; (1)
where!p, f, and  are, respectively, the plasma frequency,
the focusing gradient, and the relativistic factor.
In standard rf accelerators, the described betatron dy-
namics is relatively simple because, typically, along the
length of the bunch, the focusing field and thus the betatron
frequency is approximately constant. Also, the focusing
fields are relatively weak such that the betatron oscillation
period is much longer than the bunch duration. As a result,
if one considers the bunch as divided up into shorter
subslices along the propagation direction, the radius of
each subslice performs its own betatron oscillation which
is, however, in phase (synchronized) with that of the other
slices. In a LWFA, due to the huge wakefields that vary
strongly over the length of the bunch, the circumstances are
dramatically different. Here, injected bunches become in-
evitably mismatched, because the transverse focusing
wakefield increases strongly along the bunch. Also, the
relativistic mass increases rapidly during acceleration such
that a single bunch comprises a wide range of masses. Our
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investigations show that these effects, even in the ex-
tremely short (few fs and m) bunches present in a
LWFA, generate a strong longitudinal increase (chirp) of
the betatron frequency along the bunch. As a result, the
radius oscillations of subslices acquire a relative phase
which grows into a transverse density modulation with
attosecond peaks in the on-axis electron density.
To illustrate the formation of such attosecond peaks, we
model the dynamics of a femtosecond electron bunch that
has been generated via some injection mechanism (for
example, in the bubble regime [5] or from a plasma density
gradient [7]) and where further acceleration occurs in a
channel-guided LWFA. Here, one could think of injecting
an initial femtosecond bunch from a gas jet into a plasma
channel [19] for further acceleration. We start with using a
typical set of parameters that can be experimentally real-
ized, i.e., a gamma factor of 100 (51 MeV), an energy
spread of 3%, a FWHM duration of 7.5 fs, rms width of
1:3 m in both transverse (x and y) directions, and nor-
malized transverse emittances of 1:1 m, all in a Gaussian
distribution. The plasma channel for waveguiding and the
laser parameters were chosen in such a way that the laser
pulse dynamics is kept to a minimum, while the wakefield
is strong enough to accelerate electrons to several hundred
MeV. As the waveguide for acceleration we consider a
48 mm long plasma channel provided by a capillary dis-
charge. The unperturbed electron density profile npðrÞ
then, typically, has a parabolic profile [20] for which we
assume a radius rch of 61 m and an on-axis electron
concentration of 7 1017 cm3 (plasma wavelength of
40 m). The drive laser pulse is assumed to be Gaussian
shaped and linearly polarized, with a central wavelength of
0:8 m, a duration of 35 fs (FWHM), and focused to a
waist radius of 30 m, i.e., to a peak intensity of 1:7
1018 W cm2 (a0 ¼ 0:9). The calculations are carried out
using the fully relativistic particle code WAKE [21] which
can calculate the cylindrically symmetric wakefield in a
plasma channel including the laser pulse dynamics. The
calculation of the electron trajectories has been done using
our own 3D particle tracer code. In this calculation the
effect of beam loading is neglected, which we find justified
for a bunch charge of several pC.
In Fig. 1 the formation of attosecond bunches is illus-
trated, by showing the electron distribution at four subse-
quent times. The strength of the transverse focusing field is
encoded in colors and increases in the direction of the
acceleration (þz). At t ¼ 0 ps the bunch, still possessing
its initial Gaussian shape, is shown right after injection into
the first acceleration phase, in the focusing part of the
wakefield. Thereafter, due to the mismatch with the focus-
ing field, the transverse bunch radius starts to oscillate
according to Eq. (1). However, later (at 13 ps), one can
see that the radius in the front and the tail of the bunch is
smaller (higher density) than in the center of the bunch
(lower density). This is because f and  vary strongly
along the bunch such that the front has already performed
an extra oscillation compared to the tail. The modulation of
the bunch radius progresses until, at the end of the accel-
erator (t ¼ 159 ps; energy, 655MeV; energy spread, 10%),
several strong electron density peaks have formed. To dis-
play more details, Fig. 2 shows a separate plot of the
electron density distribution for the last frame (t ¼
159 ps). As can be seen, several peaks of high electron
density are formed on axis, approximately 800 nm apart,
and each having a FWHM duration of about 630 as. We
note that the initial bunch duration shows no influence on
the duration of the sub-bunches but only on how many sub-
bunches are formed.
Essential for making use of the attosecond bunches at
some distance behind the LWFA is that the bunches main-
tain their attosecond duration after they have left the ac-
celerator and travel, e.g., to a detector to measure the
duration (such as via optical transition radiation [22]). To
inspect the propagation of the bunches, we consider a slice
of the bunch with a certain, fixed longitudinal position z,
relative to the center of the bunch. In free vacuum propa-
gation, the radius of the slice (the local bunch radius) 
evolves according to [19]
 ¼ 
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ ðzpr  zÞ
2
Z2b
vuut ; (2)
FIG. 1 (color online). Mechanism of the attosecond bunch
generation. The electron bunch is plotted on top of the focusing
component of the wakefield at 0, 4, 9, and 48 mm from the
plasma channel entrance. Because the focusing field is stronger
in the front of the bunch, the betatron oscillation of the radius in
the front is faster than in the tail of the bunch (betatron chirp),
which imposes a transverse modulation along the bunch.
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where Zb ¼ 2="n is the characteristic distance over
which the radius grows and where zpr is the propagation
distance. The characteristic distance Zb, which is compa-
rable to the Rayleigh length for a focused optical beam,
depends on the spot size in the focus , also called waist
size, the relativistic factor  and the normalized emittance
"n. The waist size of the considered slice is given by 
2 ¼
"2n=
2h, where h ¼ "2n=22p þ 02p with p and 0p ¼
dp=dz the bunch radius and the divergence at the exit
of the plasma channel. Note that, when the bunch leaves
the wakefield, the divergence can either be positive or
negative, and in the latter case the slice will become
focused at a distance behind the channel given by z ¼
p
0
p=h. From this it can be concluded that behind the
accelerator there is a transition where the structure of Fig. 2
is reversed, which means that the parts with largest radius
become the parts with smallest radius and vice versa. Using
the data from Fig. 2 and the GPT code [23], we calculated
the electron density after 10 cm propagation through vac-
uum behind the accelerator. It can be seen (Fig. 3) that the
rms bunch radius has grown to 145 m. But the main
observation is that the attosecond structure is maintained,
with the difference that the maxima and minima of the
electron density are now reversed. Our simulations show
that, typically, the reversal occurs within the first few
millimeters of propagation behind the plasma channel
and that, up to several tens of pC, space charge can be
neglected. After the reversal the attosecond bunches re-
mained stable during further propagation in vacuum over
many tens of centimeters.
In the remaining part we show that the described atto-
second dynamics is not an incidental effect but a rather
general and intrinsic feature of LWFAs that occurs over a
wide range of parameters. A different type of sub-bunching
has been observed and described by Glinec et al. [22] and
Nemeth et al. [24]. But in that scheme a fixed period
(2.3 fs) is imposed by the spatial periodicity of the laser
field, whereas in our scheme the bunch duration and bunch
separation is scalable with external parameters. To inves-
tigate such scaling, we started with a variation of the length
of the plasma channel with all other parameters chosen as
above. The result displayed in Fig. 4(a) shows that a longer
channel provides shorter bunches, with durations saturat-
ing to a value of about 600 as. It can be seen that the
bunches are mainly formed in the first part of the channel,
where the gradient of the focusing field changes the stron-
gest and where the accelerating field is the largest. Next we
varied the peak intensity of the laser pulse. The result
displayed in Fig. 4(b) shows that a higher intensity pro-
vides shorter bunches, towards a saturation of about 600 as
for a0 > 0:9. This scaling can be understood because a
higher laser intensity induces a stronger wakefield and
transverse focusing gradient along the bunch which im-
poses a wider chirp of the betatron frequency. Similarly, we
found that reducing the initial energy shortens the bunches,
as is displayed in Fig. 4(c), because a lower initial Lorentz
factor gives a wider betatron chirp. The bunch duration can
also be reduced by lowering the energy spread of the
injected bunch, which is shown in Fig. 4(d). It can be
seen that, to obtain the smallest duration, the energy spread
should be as low as possible. An explanation for this is that
energy spread in the bunch causes a decoherence for a
given longitudinal slice of the bunch. When the broadening
of the frequency due to this energy spread becomes com-
parable to the longitudinal chirp of the betatron frequency,
the duration of the sub-bunches will be affected. The
calculated dependence of the bunch on the initial emittance
of the injected electrons is shown in Fig. 4(e). An inter-
mediate maximum duration is seen at around 0:4 m
emittance. This can be explained as some initial matching
of the bunch to the focusing field which reduces the con-
trast of the on-axis electron density modulation. From there
the bunches can be shortened with lower or higher emit-
tance, but the shortest bunches are obtained with lower
FIG. 2 (color online). Electron density distribution of the
accelerated femtosecond electron bunch (in arbitrary units)
with attosecond bunching at the exit of a laser wakefield accel-
erator.
FIG. 3 (color online). Electron density distribution of the
accelerated femtosecond electron bunch (in arbitrary units),
presented in Fig. 2, after propagating 10 cm in vacuum.
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emittance. Finally, the bunch duration can be reduced by
injecting bunches with smaller radii, which is shown in
Fig. 4(f). However, when the radius becomes smaller than
1 m, some electrons get sufficient transverse momentum
to escape the wakefield [19]. A further shortening of
bunches seems possible with a combined variation of
parameters. As an example, we obtained bunches as
short as 100 as with an increased intensity (a0 ¼ 1:5), a
low injection energy (10 MeV), close to zero emittance
(<0:05 m), and a low energy spread (<0:5%).
In conclusion we note that the described attosecond
bunch generation appears to be independent from the
selected injection mechanism. For example, we have ob-
served the generation of even single attosecond bunches
when the electron bunch is injected in front of the laser
pulse [25] or at some angle [26]. The described mechanism
of attosecond bunch generation via a longitudinal chirp of
the betatron frequency appears to be an intrinsic feature of
LWFAs and thus may well be present and observable in
currently performed experiments.
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FIG. 4. Duration of the sub-bunches as function of the plasma channel length (a), the normalized amplitude a0 of the laser pulse (b),
the initial energy (c), energy spread (d), normalized emittance (e), and radius (f) of the injected bunch.
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